The present article addresses the existence by construction of random velocity fields produced by prescribed flow singularities which are consistent with the equations governing the motion of a two-dimensional viscous incompressible liquid. By showing first that the vorticity can be arbitrary and consistent with the flow equations it is then possible to determine the velocity field explicitly in terms of the vorticity and its derivatives.
Introduction.
In their relatively early review of the fluid dynamic literature, Dryden, Murnaghan, and Bateman [1] describe in one section the manner in which a twodimensional viscous fluid behaves when the vorticity distribution is prescribed as a function of the independent variables. The analysis is not pursued to the point where the velocity field components are explicitly derived in terms of the vorticity distribution, and it is not shown the extent to which the vorticity can be prescribed.
In order to circumvent this problem it is required that a certain determinant should vanish, and from this analysis it is possible to predict various classes of Navier-Stokes solutions which are viscosity dependent. Some of these solutions for the stream function ip were previously derived by Jeffrey [2] in a different way. In general, these solutions relate to the situation in which lines of constant vorticity coincide with one family of coordinate curves. For example, in polar coordinates (r, 9), there is a solution for the stream function ip where the lines of constant vorticity coincide with the family of circles r = positive constant, and is expressed by V> = -bu6 + A0rb+2 + B0r2 + Co In r, 6^-2 with Aq, Bq, Cq, b arbitrary constants. There is also a solution for the special case 6^-2. The flow represents a viscosity dependent solution of the Navier-Stokes equations where the lines of constant vorticity coincide with the family of concentric circles r = constant.
The stream function is of some interest since the arbitrary constants can be chosen in order to describe the steady motion of a circular cylinder rotating with constant angular velocity wo, in an infinite fluid at rest at infinity. In addition there is uniform suction at the boundary with constant normal velocity. If the suction velocity is -Qr, where qr = -^ipe -~ -~~ Q, the boundary r = a, then the appropriate stream function satisfying qg = ipr -woa at r = a, and |q| -> 0, r -> oo is expressed by ifj -Qa0 ~t~ A0t2 v + 2 A I r, aQ \ 2-^2 wa -Ar, 2 a » hi r where Ao is an arbitrary constant.
The constant B0 vanishes in order to maintain a single valued pressure field. The fluid velocity vanishes at large distances provided that > 2, and the stream function ip represents one of the simpler straightforward examples of non-uniqueness for two-dimensional viscous flow when v < since the constant Aq is arbitrary.
The condition 2v < aQ is consistent with the general results concerning uniqueness of viscous flow described by Leray [3] and Serrin [4] , It is also noted that the example cited is sufficiently elementary to be included as an exercise in the book by Acheson [5] .
It is observed that the boundary conditions and the constant A$ is arbitrary, indicating a lack of uniqueness which is not viscosity dependent. In the case of singularities as forcing flow it follows that the non-uniqueness does not depend necessarily on an inequality involving the kinematic viscosity. The resulting motion is not random as the normal component of velocity is prescribed.
Before stating the objective in the present article it is of interest to discuss a methodological analogue in the theory of elementary differential equations.
Consider the ex- It is known from the literature that the solutions for arbitrary c constitute the family of tangent lines to the envelope curve defined by the singular solution. However, in the present context there is a point of interest which is obvious but not directly pointed out, and this is that the singular solution, albeit in parametric form, is determined entirely by differentiation of the basic non-linear equation and requires no integration procedure. In any event for a given f(p) the solution can be graphed in the (x, y) plane.
The fact that solutions can be constructed entirely by differentiation from certain differential equations forms the basis of generalization to partial differential equations, and in particular the Navier-Stokes equations for the motion of a viscous incompressible liquid. In the ensuing analysis, which is straightforward, it is shown that by iterated differentiation of the momentum equation maintaining the vorticity as an arbitrary function then by applications of consistency conditions leads to the conclusion that the vorticity is undetermined and arbitrary. This in turn implies that the fluid velocity can be constructed in terms of an arbitrary vorticity distribution subject to certain provisions. The analysis involved in this procedure is unavoidably cumbersome but the final results for the velocity field in terms of the arbitrary vorticity distribution are reasonably compact especially in the case of inviscid flow (v -> 0). The analysis is simplified considerably by the use of complex variable notation for two-dimensional flow. These results are applicable to the motion produced by forced singularities in the vorticity distribution which represents a substantial generalization of the results depicted by the Jeffrey solution. The application of the results to boundary value and initial value problems is out of reach because there is no guarantee that the velocity field is sufficiently general to satisfy initial or boundary conditions.
These results can be generalized to the situation of axial symmetry, and can be extended further to fully three-dimensional motion. In general for this situation the vorticity possesses two arbitrary components and flow produced by singularities is of a more general nature. (1)
where q is the fluid velocity, H the Bernoulli function, p the pressure, po the constant density, and v the kinematic viscosity. For two-dimensional motion the velocity field can be described in terms of a stream function 'ij> = ip{x, y, t) and
In this case the component equations of (I) are expressed bỹ
In complex variable notation z = x + iy, z = x -iy, it follows that ndd.ddd.d d~z = di~%-~&z ^frr,+1dy' â nd the complex flow equation is expressed by (4) + i(5), which simplifies to
iipzt -±Vz-Vzz 7/--4vilpzzz.
If w = 4ipzz, then by elimination of H it is found that tpz'Wz -ipzWz = 2 ivwzz --wt.
Also by differentiation of (7) with respect to 2 and taking the real part it is found that
Ipxt -1pyV2'lp = -Hy + V -VV (5) and by formal integration H is expressed by
In the next section an application of the vorticity transport equation will be discussed in connection with the random motion of a viscous fluid.
2. Construction of the fluid velocity field. To construct the fluid velocity field it is initially appropriate to consider the system of steady state equations ipzwz -1pzWz = 2ivwzz
(11) n = 4ipzz (12) where w, are for the present independent arbitrary real functions of (x, y). The results of this section are also applicable to time dependent motion where wZz is replaced by Wzz ~ jWf The objective in this analysis is to show by repeated application of consistency conditions to the basic flow equations (11), (12) that the vorticity tt is essentially undetermined. As a consequence of this result it is possible to prescribe the fluid velocity in a general manner in terms of the vorticity and its derivatives.
In turn the vorticity is essentially arbitrary. This result arises from the fact that the consistency conditions lead to four identities in the derivatives of w. These identities are a feature of the structure of the basic vorticity equation and the definition of the vorticity distribution.
The analysis predicting this conclusion is unavoidably cumbersome, but the results for the velocity distribution are reasonably compact in terms of complex variable notation.
In the first instance it is necessary to demonstrate existence of solutions for ^ by formal construction from the real variable form of equation (11) provided by 4>xwy -%/jywx = uV2w.
If x is a real function of (x,y) such that (w,x) is a one-one mapping into (x,y) then yx -xx with the aid of (21). Equation (22) The real and imaginary parts of equation (22) are expressed by
With the use of the equation
equation (27) [to*-A*,] ' dzdz \wz J >L" dz&z \ wz
This formula for q represents an initial first step for the determination of the fluid velocity.
To make further progress in this regard it is appropriate to write equation (23) 
0J Edz (73) also E, F are defined in terms of ^-derivatives and this complex equation in general places restrictions on w which in turn is arbitrary. To avoid this contradiction the only consistent possibility is that equation (72) 
and for consistency are identities and not differential equations, without placing constraints on w. It follows that the equations represented by (74) are identities in the u>derivatives. This result can also be verified directly by working through the excessively cumbersome calculation.
In this case il is undetermined by the analysis and is essentially arbitrary. It is noted that these results emanate from the basic equations (11) and (12). In order to be consistent with the Navier-Stokes equations it is permissible to choose il = w and w is arbitrary. It then follows that there exist by construction a class of fluid velocity fields which are defined in terms of an essentially arbitrary vorticity distribution.
This result appears to be new for a non-linear dynamical system such as the Navier-Stokes equations.
The analysis described here concerns two-dimensional motion, but this can be extended to axisymmetric, fully three-dimensional flow and time dependent motion. Utilizing the result that the formula q for the complex fluid velocity is given by The main application of the formula for the fluid velocity field in terms of the vorticity is to the motion produced by prescribed singularities. For example if there is a prescribed singularity for the vorticity at the origin then there is in general a singularity in the velocity field at the same point, and the only other requirements are that the motion should be finite and the fluid velocity decay to zero at infinity. Since the formula for the velocity field represents a class of solutions of the Navier-Stokes equations and not the totality of solutions there is no guarantee that the solution is sufficiently general to be adapted to either a boundary value or initial value problem. Now if the vorticity is prescribed by w -^, F(6) = An cos(n9 + an) (79) rk z-'
where n is an integer and A* > 2, then this distribution produces a singularity in the velocity field which is partially determined by the equation m > k -1 as r ^ oo and w' is single valued in the region 0 < 0 < 2tt. In addition it is supposed that the generalized form of w is subject to the restrictions imposed by the constraints (81). It follows that these relatively mild restrictions result in degrees of latitude for the choice of w', and the motion produced by the prescribed singularity is basically arbitrary.
It also appears that there are global velocity fields which are finite everywhere but basically arbitrary and only subject to the requirements Wz^°' ^{ln(^)}^° (83) everywhere. It is also assumed that w decays at infinity sufficiently rapidly to ensure the velocity field is finite at large distances. These results appear to be new for the two-dimensional Navier-Stokes equations. where li", W' are independent and arbitrary. By a process of differentiation with respect to z, z, it is found that W' satisfies a complex differential equation.
The analysis is similar to the procedure described in the previous section but with the added feature caused by the presence of the space variable 2ip = z -z. The net result shows that W is essentially undetermined and can be chosen freely such that W = W with IT arbitrary.
In this case the complex fluid velocity
-2 -Z can be constructed in terms of W and its derivatives with W arbitrary, and represents a class of velocity fields satisfying the Navier-Stokes equations. As in the two-dimensional case the velocity field is sufficiently general to predict the motion produced by forced singularities, but not sufficiently general to describe the flow arising from boundary value or initial value problems.
In respect of the choice of basic singularity to choose for the vorticity distribution there is a preferential solution of the Navier-Stokes equations provided by the round jet or point source of momentum [6] . In this solution the stream function ip is expressed by 2^(1 -P2) It follows from the analysis that there is a more general fluid velocity field for which the ring vorticity is given by W = =-+ W"
\E\[ZZ +2 (z + z)]3
where W" is basically arbitrary to the extent that the motion is finite and W" behaves in a suitable manner near the origin and decaying at large distances. The explicit formula for the velocity field is not given here as it is excessively cumbersome with the complication of the independent variable. However it appears to be sufficient to infer its explicit existence and represents a generalization of two-dimensional motion.
3-dimensional motion.
For three-dimensional motion the vorticity has three components w = curl q, q = qjXj, but only two components are independent since divw; = 0. The analysis described in the previous sections is applicable but again excessively cumbersome. The final expressions for the fluid velocity field contain two arbitrary components of the vorticity distribution.
Conclusions.
It has been shown in the previous sections that arbitrary velocity fields can be generated from the momentum equations for the motion of a viscous incompressible liquid. This is achieved by the somewhat unusual method of partial differentiation only and is applicable essentially to a nonlinear system and not to linear equations. The solution represents a class of solutions that are suitable for the description of flow produced by a prescribed singularity and are not sufficiently general to cope with a boundary value or initial value problem. These results appear to be new for a dynamical system such as the Navier-Stokes equations and provide some quantitative information concerning the random motion of a viscous incompressible liquid. The pressure field can be found once the velocity field is known. This article discusses a generalization of some previously known non-unique flows to random motion produced by singularities.
